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Abstract. We give an explicit minimal graded resolution of a semigroup ring 
where K is a field and S = (n\ , 712, n.3, rn) is a 4-generated, symmetric, 
non-complete intersection numerical semigroup, ff T = (ani , an2, ans, an4, b), 
where (a, b) = 1, a > 1, and d £ S \ {n\ , ri2, ri3, "4}, Watanabe showed that 
T is also symmetric and so K[T] is a Gorenstein ring. It turns out that K[T] 
has always Betti numbers (1,6, 10,6, 1). We give an explicit minimal graded 
resolution of such semigroup rings K [T] and observe that from the degrees of 
the Betti numbers the Hilbert series is also determined. We also show more 
generally how the Betti numbers of K [T] are determined by the Betti numbers 
of K[S]. 



1. Introduction 

The positive integers ni,ri2, . . . ,nk with gcd(ni, 712, . . . , rik) = 1 generate the 
numerical semigroup S — {n\, ri2, ■ ■ ■ , ^fc) = {X) m i n «}' where the m^'s are non- 
negative integers. It is easy to see that N \ S is finite. Let g(S) be the largest 
integer not in 5* (the Frobenius number of S). The semigroup S is symmetric if, 
for each n £ Z, exactly one of n or g(S) — n belongs to S. If if is a field and 
S = (m, n%i . ■ . , Uk), then K [S] = K[t ni , . . . , t nk ] is the semigroup ring of S. It is 
shown by Kunz |4: that K[S] is a Gorenstein ring if and only if S is symmetric. Let 
4>: K[xx, . . . , Xk\ — > K[t] be defined by x$ n> t Ui . If we let degx.^ = rii, this map is 
of degree and K[S] = K[xi, . . . , Xfc]/ker((/>). 

In [S] Watanabe describes a construction giving from a semigroup S generated by 
k elements, a semigroup T generated by fc+1 elements. Namely if S = (ni, . . . , rife), 
then T = (ani, . . . , ank, b), where (a, b) = 1, a > 1, and b S S \ {ni, . . . , Uk}- It is 
shown in [5] that K[T] is Gorenstein (a complete intersection) if and only if K[S] 
is Gorenstein (a complete intersection). Furthermore, it is shown in [5] that the 
relations kcr(K[xi, . . . ,Xk+i] —> K[t}) of K[T] are the "same" as the relations of 
K [S] plus one extra. 

If B, = K[xx, . . . , x n ]/I is any graded X-algebra and A = K[x\, . . . , x n ], then R 
has a minimal graded A-resolution 

F* : — > A tim — > > A h A A — > 

where Im^i = I. The ft's are called the Betti numbers of R. If we let all maps 
be of degree 0, then A^ i = ®jA[— ', where A[— j]d = Ad-j, and the /Sfj's are 
called the graded Betti numbers. 

In pQ Bresinsky determines ker(0) for 5 symmetric and generated by four ele- 
ments. We will determine a minimal resolution of K[S] in this case. Then we will 
also determine a minimal resolution of K[T], where T comes from S via Watanabe's 
construction. 

We will use the following well known facts: 
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1. If S is generated by k elements, then the resolution has length codimif [S] = k—1 
since K[S] is a 1-dimensional Cohen-Macaulay ring. 

2. The alternating sum of the Betti numbers is zero. 

3. It is usual to define the Betti numbers of R = K\x\, . . . , x n ]/I as 

ft = dim K Hi(F» ® A") = dim K Torf (i?, A). 

This gives us an alternative way to define the Betti numbers, since also Torf (R,K) = 
ffj(G* €5 R), where G* is a minimal ^-resolution of if (the Koszul complex). 

4. If R is Cohen-Macaulay, the highest nonzero Betti number is called the CM-type 
ofR. 

5. If we concentrate F» above to a certain degree d, we get an exact sequence of 
vector spaces 

— ► ^(A[-j]^) d — > ► % (A[-i]fta) d A d — > (A/i) d — ► 

so 

— ► ©i^f™/ — > ► — > A d — > (A/i) d — ► 0. 

The alternating sum of the dimensions of these vector spaces is 0. Multiplying each 
dimension with z d and summing for d > 0, we get 

m 

m\b A/I (z) = Hilb A (z)(l + 

i=l j 

If deg(xi) = m, then HilbK^!,...,^]^) = VIliLiC 1 ~ z n *)- 

2. Betti numbers 

Let S = (ni,...,nfe) and T = (ani, . . . , an k , b), where (a, b) = 1, a > 1, and 
be S\ {m, ■ ■ .,n k }. 

Theorem 1. ft(if [T]) = ft(if + ft-i(if [S]) ; for i = 1, . . . , k. 

Proof. If K[S] = k[ Xl ,...,x k ]/I, then K[T] = k[x u . . . , x k , y]/{I, /), where / = 
y a — X T •> see H- Let yl = K[xi, . . . ,x k ] and i? = A[y}. Since / is a nonzero- 

divisor of if[5][j/], we have the exact sequence of S-modulcs: 

— ► K[S}[y] -4 K[S][y] — ► if [T] — ► 0. 

Since Tor? (K [S] [y], if) — Torf (if [S 1 ], if), we get a long exact sequence of if -vector 
spaces 

— > Torf (if [T], if ) — > Torf^if [5], if ) A • • • 

^ Torf (if [5], if) — ► Torf (if[T],if) — ► Torf_ x (if [5], if ) A ••• 

°^ Torf (if [5], if ) — > Torf (if [T], if ) — ► if A if — »• if — > 

which gives the claim. □ 

In [5] it is shown that the CM-type of if [T] is one if and only if the CM-type of 
if [S] is one. The following generalizes this. 

Corollary 2. The CM-type of K[T] equals the CM-type of K[S]. 

Proof. By points 1 and 4 of the Introduction, the CM-type of if [T] is ft(if [T]) 
and, by Theorem^ p k (K[T}) = ft(if [S]) + ft^if [S]) = p k -i(K [S]), which is 
the CM-type of if [S]. 

□ 

Corollary 3. If S = (n\, U3) is not symmetric, and T = (ani, ani, an^, b),then 
the Betti numbers of K[T] are 1,4,5,2. 
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Proof. We have Pi(K[S}) = 3, see [3J, so /3 2 (if[5]) = 2, see points 1 and 2 in the 
introduction. Thus the Betti numbers of K [S] are 1,3,2. Then by Theorem [1] the 
Betti numbers of K[T] are 1,4,5,2. □ 



3. The resolution of K[S] when S is 4-generated symmetric 

If S is generated by at most 3 elements and is symmetric, then K[S] is a complete 
intersection, see [3 . If S is a complete intersection, the resolution is the Koszul 
complex, so we concentrate on the case when S is symmetric, but K[S] is not a 
complete intersection. Thus, the first interesting case is when S is generated by 4 
elements. The result in [1] is, in case S is not a complete intersection, that, for 
some numbering of the variables, 

ker(</,) = (/ 1 ,/ 2) / 3l / 4 ,/ 5 ) 

where f x = x^ - x$*x%"J 2 = x<? - < 21 < 24 ,/ 3 = x 3 3 - x?"a%»,U = X? - 
x 2 42 x 3 43 ,f 5 = Xg 43 x" 21 -X2 32 x2 14 , and where ai = a 2 i+a 3 i,a 2 = a 32 + a 4 2,a 3 = 
&13 + "43, "4 = "14 + a 2 4- 

Let A — K[x\,x 2l x 3l x^]. We now give the whole minimal A- resolution of K [S] 
in case S is 4-generated symmetric but not a complete intersection. 

Theorem 4. In case S is 4-generated symmetric, not a complete intersection, then 
the following is a minimal resolution of K[S\: 

0^A^A 5 ^A 5 ^A^0 
where fa = (/i, f 2 , / 3 , h, h) 
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and fa = (-/4,-/ 2 ,-/5,/3,A) t - 

Proof. We will use [2J Theorem 20.9]. We have to show we have a complex, that 
the rank (the largest nonzero minor) of fa and fa is 1, and that rank(0 2 ) = 4. 
Furthermore that the depth of I (fa) is at least i for all i, where I (fa) is the ideal 
of A generated by the minors of fa of size rank (fa). A simple calculation shows 
that fafa — fafa — 0. That rank(</>i) = rank(0 3 ) = 1 is clear. If we delete row 1 
and column 5 in fa we get a matrix with determinant ff. If we delete row 2 and 
column 2, we get the determinant f 2 . These two determinants are relatively prime, 
so they constitute a regular sequence. In fact, I (fa) — (fi,f 2 , / 3 , Jk, /s) 2 - □ 

Example 5. Let S = (ni, n 2 , n 3 , rc.4) = (7, 9, 8, 13). Then the following is a minimal 
resolution of K[S}: 

0^A^A 5 ^A 5 ^A^0 
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where cf>i — (xf — X3X4, x 2 — x\x 4 ,x\ — x\x 2 , x\ — x 2 x 3 ,x 3 x{ — x 2 Xi) 
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and </) 3 = (-(xl 

Recall that the set of pseudo-Frobenius numbers of a numerical semigroup S is 
PF(S) = {t G Z \ S; t + s G S for all s G 5 \ {0}}. 

Lemma 6. Let 5 = (n u ...,n k ), Q ^ s € S, and K[S] = K[t ni , . . . ,t n "]. Then 
n G PF(S) if and only if¥+^ G Soc(K[S]/(t s ). 

Proof. Let M = (t n \ . . .,t n "). We have n G PF(S) if and only if t n £ K[S] and 
t"M C K[S], s o if and only if t n+s <£ t s K[S] and t n+s K[S] C f/A^], so if and only 
if ^ 0andt™+ s M = in A[S]/(£ S ), so if and only if G Soc(A'[S']/(^)). □ 

Proposition 7. Lef S 1 = (m, . . . ,77^) and /3ij oe i/ie graded Betti numbers of 
K[S]. Then n G PF(S) if and only if Pk-i.n+N 7^ (in fact /3k-i, n +N = 1 ), 
where N = •_ I rij. In particular, if S is symmetric, then n = g(S) if and only if 

Pk-l — Pk-l,g(S)+N ■ 

Proof. Let s = n\. Then the dimension of 

fffc_i(A-[t ni , • • ■ , ^]/(* ni )) = Soc^t" 1 , . . . , t n *]/(t ni )) 

is the highest Betti number /3fc_i of if [5], which exists in degrees n 2 + ■ ■ ■ + 
n k + degSoc(A[i ni , . . . , t nk ]/(t ni )). Thus, by Lemma H n G PF(S) if and only 
if p k -i,n+N ^ (in fact /3 k -i <n +N = !)• □ 

Example 8. In the proof of Proposition [71 applied to our example R = K[S\, 
where S = (7,9,8,13), the dimension of Soc(R/(t 7 )) = Soc(P) is one (in fact S is 
symmetric, i.e., R is Gorenstein) and i?3(G» ® R) = Soc(P) is a one dimensional 
vector space generated by t g ( s ^ +ni — t 26 . Since G» is the Koszul complex of length 
k — 1 = 3 in the three variables x 2 , 2:3, 2:4 of degrees 722, TI3, 714, this vector space is 
nonzero only in degree (.g(S') + m) + (n 2 +n 3 + n 4 ) = (19 + 7) + (9 + 8 + 13) = 56. 

Corollary 9. If S = (n\, . . . ,714} is ^-generated symmetric, not a complete inter- 
section and N — Yli=i Tii, then g(S) = ct\n\ + 032772 + 04774 — N = a 2 n 2 + 0:14714 + 
0:3^3 — N = a^n^ + a 2 \n\ + 03713 — -/V = oi?ii + 043713 + 02TI2 — N. 

Proof. We get ^3 = Pz^nia-i+n^a^+nAa^ — P3,a2n2+ci!l47i4-t-CK37i3 /^3,a4Ti4+a2ini+Q3Ti3 - 

ft,aini+a 43 ii3+a2ii2 by adding the degrees in the resolution given in Theorem |4l 
Then we use Proposition [7] □ 

Corollary 10. We always have ct\n\ + 032712 + 04714 = 02712 + 014714 + 03713 = 

O47I4 + 02l71i + 03713 = Oi77i + 043713 + 02712- 

4. The resolution of some 5-generated semigroup rings 

In case S = (7^1,722,713,724) is symmetric 4-generated and not a complete inter- 
section, we have seen that the Betti numbers are ((3 , /3i, f3 2 , /3 3 ) = (1,5,5,1). All 
5-generated symmetric and not a complete intersection semigroups do not have the 
same Betti numbers. If S = (6, 7, 8, 9, 10), the Betti numbers are (1, 9, 16, 9, 1). We 
will consider the case of semigroups which come from 4-generated semigroups as 
above via Watanabe's construction. By Theorem [JJ they all have Betti numbers 
(1, 6, 10, 6, 1). We will now determine the whole resolution. Let S = (m, n 2 , 713, 714) 
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be symmetric and not a complete intersection, and T = (ani,an2,an3,an4,b), 



where (a, b) — 1, a > 1, and b G S \ {n\, n-z, ng, 714}, = ^ 



-1 *-*i<bf 



Keeping the 



notation of previous section for the relations /j, 1 < i < 5 in the resolution of if [5] 
and setting A — K[xi, X2, X3, X4, x§], we have 

Theorem 11. In case S is 4~ generated symmetric, not a complete intersection, 
then the following is a minimal resolution of K[T}: 
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Proof. We use the same method as in Theorem @] We have to show we have a 
complex, that rank($i) = rank($4) = 1, rank($ 2 ) — rank($3) = 4, and that the 
depth of I($>i) is at least i for all i. It is easy to check that $3^4 = $2^3 = 
$i$2 = 0. In particular, to show that $3$4 = 0, we use the fact that for the maps 
of Theorem |H we have ^203 = 0. If we delete row 1 and columns 5,6,7,9,10 in $2 
we get a matrix with determinant /j 3 , so rank($2) = 4. Similarly rank($3) = 4. 
If we delete row 2 and columns 2,6,7,8,9 in $ 2 , we get the determinant /f. These 
determinants are relatively prime. If we delete row 6 and columns 1,2,3,4,5 we get 
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the determinant — /|, which obviously is a nonzerodivisor modulo the two first. 
Thus the depth of L(& 2 ) is at least 3. Similarly depth(/($ 3 )) > 3. In fact, also the 
dualized complex is a resolution, so I ($2) — I ($3) ■ O 

Corollary 12. Let T — (ani,an2,an3,ari4,b), where S = (71 1, ri2, 113, n^) is sym- 
metric but not a complete intersection, a > 1 and b G S \ {m, . . . , rife}, (a, b) = 1. 
Suppose that the degrees of the first Betti numbers of k[S] are ui, U2, U3, U4, u$ and 
that the degrees of the second Betti numbers are Vi,V2,V3,Vi,V5. Then the degrees 
of the first Betti numbers of K[T] are au\, au2, au3, au^, au§, ab, the degrees of the 
second Betti numbers are avi, 1 < i < b,ab + aui, 1 < i < 5, the degrees of the 
third Betti numbers are ab + avi, I < i < 5, au^ + av\, the degree of the fourth Betti 
number is au^ + ab + av\ . 

Proof. Note first that in the minimal resolution of K[T] given in Theorem I 111 f, are 
relations of degrees an, , for 1 < i < 5 and f$ is a relation of degree ab. We can 
read the Betti numbers from the resolution of K[T}. The first Betti numbers are in 
fact the degrees of the relations /j, for 1 < i < 6. Since the columns of matrix cf>2 in 
Theorem[3]are by hypothesis homogeneous elements of A 5 — ffif =1 j4[— m] of degrees 
Vi, . . . , W5, then the columns of matrix $2 in Theorem II II are homogeneous elements 
of A 6 = ©f =1 A[— aui] © A[— ab] of degrees avi, av^, ab + au\, ab + 0,115. 
Now the six columns of matrix $3 in Theorem [11] are homogeneous elements of 
A 10 = ©f =1 A[— av^ ffif =1 A[— (ab + am)] of degrees ab + avi, . . . , ab + av 5 , am + avi. 
Finally the unique column of matrix $4 in Theorem [TT] is a homogeneous element 
of A 6 = ®i =1 A[— (ab + avi)] ffi A[— (au^ + avi)] of degree 0,1*4 + ab + av\. □ 

Remark 13. For simplicity we used in Corollary [T2l new symbols, but we could 
also express the degrees of Betti numbers of K[T] in terms of n t , ctj, a m i- For 
example the degree of the fourth Betti number is au^ + ab + av 1 = aa^n^ + ab + 
a(a\ni + a 3 2n 2 ). 

Corollary 14. Let T = {ani,an2,an3,ari4,b}, where S = (m, ^3, n^) is sym- 
metric but not a complete intersection, a > 1 and b G S \ {ni, . . . ,rif.}, (a,b) = 1. 
Then the Frobenius number ofT is 

g(T) - ag(S) + b(a - 1). 

Proof. By Proposition [7] the degree of the highest Betti number of K[S] (the third) 
is g(S) + rii + n>2 + ^3 + Looking at matrix ^3 of Theorem 01 we see that it is 
also equal to 1/4 + v\. Hence g(S) — M4 + v\ — (ni +n2 + 113 + n^). By Proposition 
[7] the degree of the highest Betti number of K[T] (the fourth) is g(T) + an\ + 
an2 + an^ + an^ + b and by Corollary [T2] it is also equal to au± + ab + av\ . Hence 
g(T) = a(g(S) + b)-b = ag{S) + b(a - 1). 

□ 

Remark 15. If S = (m, . . . with pseudo-Frobenius numbers PF(S) = 
{gi, . . . , gh}, Garcia-Sanchez and Rosales in [B] (see also [7]) consider the semigroup 
T = (2ni, . . . , 2nk,b — 2gi, . . . ,b — 2gh), where b is an odd number > 3g(S) + 1. They 
show that 2s G T if and only if s € S, that is T/2 — S. As we see, there are infinitely 
many such T. In case S is symmetric, PF(S) — {g(S)}, so the only new generator 
is an odd number 6 > g(S) + 1, and in that case their construction is a special case 
of Watanabe's one with a = 2. It is shown in [7] that in this case the Frobenius 
number of T is g(T) = 2g(S) + b. 

Corollary 1 141 is a generalization, in our particular situation, of that result. 

We also observe that it is not necessary to assume that the last odd generator 
b of the construction of Garcia-Sanchez and Rosales is > g(S) + 1, it suffices that 
it belongs to S \ {ni, ri2, n^, n^}. Let e be the smallest nonzero element in S (the 
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multiplicity) , and let w± < W2 < • • • < w e be the smallest elements in each residue 
class mod e (the Apery set mod e). Thus Wi = and w e = g(S) + e. If S is 
symmetric then Wi + iu e -i = w e (cf. e.g. [7j Proposition 4.10]). Then, if e + 1 2, all 
generators are smaller than g(S). Hence the hypothesis b > g(S) + 1 is stronger 
than the hypothesis b G S\{ni, n 2 , n 3 , 714}. If e.g. S = (7, 8, 9, 13), then g(S) = 19, 
but also b = 15 and 6 = 17 are good, so (14, 16, 18, 26, 15) and (14, 16, 18, 26, 17) 
satisfy the claim and give Gorenstein rings. 

Example 16. If S = (7,8,9,13), then /3 1A (S) = 1 for i = 16,21,22,26,27, 
p 2<i (S) = 1 for i = 29,30,34,35,40, and 0a,i(S) = 1 for i = 56. So, if T = 
(14,16,18,26,15), then /3 M (T) = 1 for i = 32,42,44,52,54,30, p 2<i {T) = 1 for 
i = 58, 60, 68, 70, 80, 62, 72, 74, 82, 84. It is easy to see that g(S) = 19, thus /3^(T) = 
1 for i = 14 + 16 + 18 + 26 + 30 + 38 = 142. Finally, /3 3 ,i(T) = 1 for i = 
112,110,100,98,90,88. 

Corollary 17. If we in Corollary WA replace b by b + a, the degrees of the first 
Betti numbers of K[T] increase by (0, 0, 0, 0, 0, a 2 ), the degrees of the second by 
(0, 0, 0, 0, 0, a 2 , a 2 , a 2 , a 2 , a 2 ), of the third by (0, a 2 , a 2 , a 2 , a 2 , a 2 ), and of the fourth 
by a 2 . 

Example 18. If T = (14, 16, 18, 26, 17), then Pi,i(T) = 1 for i = 32, 42, 44, 52, 54, 34, 
fo,i{T) = 1 for i = 58, 60, 68, 70, 80, 66, 76, 78, 86, 88, f3 3ti = 1 for i = 112, 114, 104, 
102, 94, 92, and /3 4jl = 1 for i = 146. 

Example 19. Using point 5 of the introduction, we can also determine the Hilbert 
series. Let S = (5, 6, 7, 8) and T = (10, 12, 14, 16, 11). Then K[S] has Betti numbers 
[3i tj = 1 for j = 12, 13, 14, 15, 16, /3 2 ,j = 1 for j = 19, 20, 21, 22, 23 and /? 3 , 35 = 1, 
so' K[T] has Betti numbers f3 hj = 1 for j = 22,24,26,28,30,32, /3 2J = 1 for 
j = 38, 40, 42, 44, 48, 50, 52, 54, '#2,46 = 2, f3 3 j = 1 for j = 60,62,64,66,68,70, 
Pi 92 = 1. The Hilbert series of K[T] is 

1 + zUa-v'Pijt'ViQ- - zW )( l - zl2 )(! - ^ 14 )(! - zl6 )(! - z11 )) = c 1 - z22 - 

Z 2A _ z 26 _ z 28 _ z 30 _ z 32 + ^38 + z 40 + ^42 + ^44 + 2z 46 + z 48 + ^50 + ^52 + z 54 _ ^60 _ 
z 62 _ z 64 _ z 66 _ z 68 _ ^70 + / ^ _ ^O)^ _ z 12 )(1 _ g lA^ _ z 16 )(1 _ ^11)) = 

l+z w +z 11 +z 12 +z u +z 16 +z 2Q +z 21 +z 22 +z 23 +z 24 +z 25 +z 26 +z 27 +z 28 +z 30 /(l-z). 

Remark 20. In case of the construction of Garcia-Sanchez and Rosales, the total 
Betti numbers of K [T], (1,6, 10, 6, 1), were determined by Micale and Olteanu [S]. 
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